Abstract. We characterize the cd-indices of Gorenstein* posets of rank 5, equivalently the flag f -vectors of Gorenstein* order complexes of dimension 3. As a corollary, we characterize the f -vectors of Gorenstein* order complexes in dimensions 3 and 4. This characterization rise a speculated intimate connection between the f -vectors of flag homology spheres and the f -vectors of Gorenstein* order complexes.
Introduction
The flag f -vector is an important invariant of graded posets. For a Gorenstein* poset P , its flag f -vector is efficiently encoded by its cd-index [1] whose integer coefficients turn out to be non-negative [3, 8] . Further restrictions on the cd-index of Gorenstein* posets were obtained recently in [4] , however a full characterization is not even conjectured yet. In this paper we make a first step in this direction by characterizing the cd-indices of Gorenstein* posets of rank 5, which is the first nontrivial case.
We first recall the definition of the cd-index. Let P be a graded poset of rank n + 1 with the minimal element0 and the maximal element1. The order complex O(P ) of P (or of P − {0,1}), is the (abstract) simplicial complex whose faces are the chains of P − {0,1}. Thus O(P ) = {{σ 1 , σ 2 , . . . , σ k } ⊆ P − {0,1} : σ 1 < σ 2 < · · · < σ k }.
Let r : P → Z ≥0 denote the rank function of P . For S ⊆ [n] = {1, 2, . . . , n}, an element {σ 1 , . . . , σ k } ∈ O(P ) with {r(σ 1 ), . . . , r(σ k )} = S is called an S-flag of P . Let f S (P ) be the number of S-flags of P . Define h S (P ) by
where |X| denotes the cardinality of a finite set X. The vectors (f S h S (P )u S .
We say that P is Gorenstein* if the simplicial complex O(P ) is Gorenstein* [9, p. 67] . A typical example of a Gorenstein* poset comes from CW-spheres, namely, a regular CW-complex which is homeomorphic to a sphere. Indeed, if P is the face poset of a CW-sphere then P ∪ {0,1} is a Gorenstein* poset. It is known that if P is Gorenstein* then Ψ P (a, b) can be written as a polynomial Φ P (c, d) in c = a + b and d = ab + ba [1] , and this non-commutative polynomial Φ P (c, d) is called the cd-index of P . It is known that the coefficients of Φ P (c, d) are non-negative integers [3, 8] and the coefficient of c n in Φ P (c, d) is 1. The main result of this paper is the next result, which characterizes all possible cd-indices of Gorenstein* posets of rank 5. (i) α 2 = 0 and α 13 = α 1 α 3 .
(ii) α 2 = 1 and there are non-negative integers
Note that, since knowing the cd-index of P is equivalent to knowing the flag fvector of O(P ), Theorem 1.1 characterizes the flag f -vectors of Gorenstein* order complexes of dimension 3.
Recall that, for a Gorenstein* poset P of rank n + 1, the vector (h 0 , h 1 , . . . , h n ), where h i = S⊆[n],|S|=i h S (P ), is the usual h-vector of O(P ). Thus, as an immediate corollary of Theorem 1.1, we obtain a characterization of the f -vectors of Gorenstein* order complexes of dimension 3. We extend this later result to dimension 4 as well.
The numerical conditions are conveniently given in terms of d-vectors of Gorenstein* posets. For a Gorenstein* poset P of rank n + 1, we define its d-vector
where ⌊x⌋ is the integer part of x. Thus δ 0 , δ 1 , . . . , δ ⌊ n 2 ⌋ are the coefficients of the polynomial which is obtained from the cd-index of P by substituting c = 1. Note that, by the definition, d(P ) is a non-negative vector with δ 0 = 1. Since the dvector of P and the h-vector h = (h 0 , h 1 , . . . , h n ) of O(P ) are related by
, knowing the d-vector of P is equivalent to knowing the h-vector of O(P ), equivalently the f -vector of O(P ). or there are non-negative integers a and b such that x = a + b and y = ab. .
We notice that the vectors in part (b) are exactly the γ-vectors of homology 4-spheres (details will be given in Section 5), and that the vectors in part (a) are conjectured in [2] to be exactly the γ-vectors of homology 3-spheres. This gives rise to Question 5.3, about an interesting relation between f -vectors of flag homology spheres and those of Gorenstein* order complexes.
Outline of the paper: in Section 2 we describe a poset construction, which we call unzipping. Unzipping is in a certain sense an inverse of zipping [7] and will be used to prove sufficiency in Theorems 1.1 and 1.2; Theorem 1.1 is proved in Section 3; d-vectors are discussed in Section 4 where Theorem 1.2 is proved; in Section 5 we discuss questions relating f -vectors of flag homology spheres with those of Gorenstein* order complexes.
Unzipping
We introduce a construction on graded posets which we call unzipping. Post composition with the corresponding zipping, as defined by Reading [7] , gives back the original poset.
Definition 2.1. Let P be a graded poset with0 and1, and let r : P → Z ≥0 be the rank function of P .
(1) (Reading [7] ) Let x, y, z ∈ P − {0,1} be such that (i) x covers exactly y and z, (ii) x is the unique minimal upper bound of y and z, and (iii) y and z cover exactly the same elements. Let Z(P ; x, y, z) be the poset obtained from P by deleting x, y and adding the relations w > z for all relations w > y. (2) Let x, y ∈ P − {0,1} be such that x covers y. We define the graded poset U(P ; x, y) as follows: delete the cover relation y < x, add elements x ′ , y ′ with ranks r(x ′ ) = r(x), r(y ′ ) = r(y) and add cover relations (i) x ′ < w for all covers x < w, (ii) w < y ′ for all covers w < y and (iii) y ′ < x ′ , y < x ′ and y ′ < x.
The operations P → Z(P ; x, y, z) and P → U(P ; x, y) are called zipping and unzipping respectively.
Example 2.2.
In general Z(P ; x, y, z) may not be graded. However, Z(P ; x, y, z) is graded if P is thin, namely, if for every x ≥ y in P with r(x) − r(y) = 2 the closed interval [x, y] is a Boolean algebra of rank 2. See [7, Proposition 4.4] .
In the rest of this section, we study basic properties of zipping and unzipping. Let ∆ be a simplicial complex on the vertex set V . The link of F ∈ ∆ in ∆ is the simplicial complex lk
Definition 2.4. Let ∆ be a simplicial complex and let {i, j} be an edge of ∆. The (stellar) edge subdivision of ∆ with respect to {i, j} is the simplicial complex
where v is a new vertex. The edge contraction of i to j in ∆ is the simplicial complex ∆ ′ which is obtained from ∆ by identifying the vertices i and j, in other words,
Proposition 2.5. With the same notation as in Definition 2.1,
first contract y to x, then contract x to z. Proof. Part (1) follows directly from Definition 2.1. By the definition of the edge contraction, contracting y to x in O(P ) and then contracting x to z results in the simplicial complex ∆ obtained from O(P ) by replacing x and y by z in all simplices (and deleting repetitions, of vertices in a simplex, and of simplices). As (i) z ∈ Z(P ; x, y, z) covers the same elements as y and z in P , (ii) w > z in Z(P ; x, y, z) if and only if w = x and either w > y or w > z in P , and (iii) x covers only y, z ∈ P , we conclude that the simplices of ∆ are exactly the chains in Z(P ; x, y, z) − {0,1}, proving (2).
To prove (3), let Γ be the simplicial complex obtained from O(P ) by two successive edge subdivisions: first subdivide {x, y} by x ′ , then subdivide {x, x ′ } by y ′ . The maximal simplices of Γ are obtained from those of O(P ) by replacing each x, y ∈ F ∈ O(P ) in three ways, by either x, y ′ , or y ′ , x ′ , or x ′ , y; thus a maximal simplex F ∈ O(P ) corresponds to 3 simplices in Γ. Thus, by construction, these are exactly the maximal chains in U(P ; x, y) − {0,1}.
We say that a simplicial complex ∆ satisfies the Link condition with respect to an edge {i, j} ∈ ∆ if lk ∆ ({i}) ∩ lk ∆ ({j}) = lk ∆ ({i, j}). As the edge contractions in Proposition 2.5 satisfy the Link Condition w.r.t. {x, y} and {x, z} in the corresponding simplicial complexes, they preserve the PL-type for simplicial spheres [5, Theorem 1.4] , and preserve being a homology sphere [6, Proposition 2.3]. Hence we conclude the following result, obtained by Reading [7, Theorem 4.7] for the case of zipping in Gorenstein* posets [7] . Corollary 2.6. If P is a Gorenstein* poset (or a CW-sphere) then so are U(P ; x, y) and Z(P ; x, y, z).
We use the following formula, observed by Reading [7, Theorem 4.6] , later on.
Lemma 2.7 (Reading). The cd-index changes under zipping as follows:
Thus, for unzipping we get
3. cd-indices of Gorenstein* posets of rank 5
In this section, we prove our first main result, Theorem 1.1. We first recall the join of two posets. Let P and Q be posets with0 and1. The join P * Q is the poset on the set (P − {1}) ∪ (Q − {0}) with x ≤ y if either (i) x ≤ y in P , (ii) x ≤ y in Q, or (iii) x ∈ P and y ∈ Q. It is not hard to see that O(P * Q) is the join of O(P ) and O(Q) (as simplicial complexes). Thus, if P and Q are Gorenstein* then so is P * Q. The following formula was given in [8, Lemma 1.1].
Lemma 3.1. If P and Q are Gorenstein* posets then
In the rest of this section, we focus on Gorenstein* posets of rank 5. For a Gorenstein* poset of rank 5, we write its cd-index in the form
We often use the following formula. (We refer the readers for verification of the formula).
We first study necessary conditions of cd-indices of Gorenstein* posets of rank 5.
The following results were shown in [4, Propositions 4.4 and 4.6].
Lemma 3.2. If P is a Gorenstein* poset of rank 5 then α 13 (P ) ≤ α 1 (P )α 3 (P ). Lemma 3.3. Let P be a Gorenstein* poset of rank 5 with α 2 (P ) = 0. Then there are Gorenstein* posets Q 1 and Q 2 of rank 3 such that P = Q 1 * Q 2 . In particular, α 13 (P ) = α 1 (P )α 3 (P ).
The next result gives a new restriction on cd-indices. Proof. Consider the subposet Q = {σ ∈ P : r(σ) ∈ {1, 2}}, where r : P → Z ≥0 is the rank function of P . Since (0, x) is the face poset of a cycle for any rank 3 element x ∈ P , the poset Q is the face poset of a CW-complex Γ which is a union of cycles. Also, Q is a Cohen-Macaulay poset since Q is a rank selected subposet of P (cf. [9, III, Theorem 4.5]), which implies that the CW-complex Γ is connected. Similarly, let Q ′ be the dual poset of {σ ∈ P : r(σ) ∈ {3, 4}}. Then, by considering the dual of the above argument, it follows that Q ′ is also the face poset of a connected CW-complex Γ ′ which is a union of cycles. Since f {1} (P ) = 2 + α 1 (P ) and f {2} (P ) = 2 + α 1 (P ) + α 2 (P ), α 2 (P ) = 1 implies that the number of edges in Γ is equal to the number of vertices in Γ plus 1. Since Γ is a union of cycles, this fact shows that Γ is a union of two simple cycles C and C ′ such that the intersection of C and C ′ is either a point or a nontrivial simple path (namely, a simple path with at least one edge).
Suppose C ∩ C ′ is a point. Then C and C ′ are the only simple cycles in Γ. Thus, for each rank 3 element x ∈ P , (0, x) is equal to the face poset of C or that of C ′ . Then, for each rank 4 element y ∈ P , y must cover exactly two elements x and x ′ with (0, x) = (0, x ′ ) since P is Gorenstein*. However, this fact shows that Γ ′ has two connected components, which contradicts the connectedness of Γ ′ . Hence C ∩ C ′ is a nontrivial simple path.
Let C ′′ be the cycle in Γ obtained from C ∪ C ′ by removing the interior of C ∩ C ′ . Then, C, C ′ and C ′′ are the only simple cycles in Γ, and for each rank 3 element x ∈ P , (0, x) must coincide with C, C ′ or C ′′ . Let c 1 , c 2 , c 3 be the number of rank 3 elements x ∈ P such that (0, x) coincides with C, C ′ , C ′′ respectively. Let b 1 , b 2 , b 3 be the lengths of the simple paths C ′ ∩ C ′′ , C ∩ C ′′ , C ∩ C ′ respectively, by means of number of edges. Clearly b i ≥ 1. Also, since Γ ′ is connected, by using the same argument as when we concluded that C ∩ C ′ is a nontrivial simple path, we have c i ≥ 1.
Then, we have
. By using (1) and the above equation, a routine computation shows α 13 (P ) = α 1 (P )α 3 (P ) − (b
Now we prove Theorem 1.1. In the proof, we use the following notation. Let P be a Gorenstein* poset and let σ and τ be elements of P \ {0,1} such that σ covers τ . We say that Q is obtained from P by unzipping (σ, τ ) k times if Q is obtained by the following successive process: First, unzip (σ, τ ) and consider P ′ = U(P ; σ, τ ). This unzipping creates new elements σ ′ and τ ′ such that σ ′ covers τ ′ in P ′ . Next, unzip (σ ′ , τ ′ ) in P ′ , and consider P ′′ = U(P ′ ; σ ′ , τ ′ ). Again, we obtain new elements σ ′′ and τ ′′ such that σ ′′ covers τ ′′ in P ′′ , and continue this procedure k times. Note that, by Lemma 2.7, we have
Proof of Theorem 1.1. The necessity follows from Lemmas 3.2, 3.3 and 3.4. We prove the sufficiency. Let C k be the Gorenstein* poset of rank 3 corresponding to a cycle of length k (i.e. C k − {0,1} is the face poset of a cycle of length k).
Then, for all non-negative integers α 1 and α 3 , the join C α 1 +2 * C α 3 +2 is a Gorenstein* poset of rank 5 with the desired cd-index
(ii) Let Q =B 2 * C 3 * B 2 described in figure (a), whereB 2 is the Boolean algebra of rank 2. Note that Φ Q (c, d) = c 4 + cdc by Lemma 3.1. Let R be the Gorenstein* poset obtained from Q by unzipping (τ i , ρ) b i times for i = 1, 2, 3 and by unzipping (π, σ i ) c i times for i = 1, 2, 3. We claim that R has the desired cd-index. By Lemma 2.7,
figure (b) For i = 1, 2, 3, let B i be the set of rank 2 elements of R that consists of τ i and elements which are added when we unzip (τ i , ρ) b i times, and define the set C i of rank 3 elements of R with σ i ∈ C i similarly. Then, since each element of C i exactly covers all rank 2 elements which are not in B i ,
Observe b i = |B i | − 1 and c i = |C i | − 1 for i = 1, 2, 3. Then, in the same way as in the proof of Lemma 3.4, (1) and routine computations guarantee
(iii) Let α 1 , α 2 , α 3 and α 13 be non-negative integers with α 2 ≥ 2 and
Case 1. Suppose α 1 = 0. Then α 13 = 0 by the assumption. Let P be the Gorenstein* poset obtained from Q ′ by unzipping (π, σ 1 ) α 3 times and by unzipping (σ 1 , τ 1 ) (α 2 − 2) times. Lemma 2.7 shows that P has the desired cd-index c 4 + α 2 cdc + α 3 c 2 d. Case 2. Suppose α 1 > 0 and α 13 ≤ α 1 . Let R ′ be the Gorenstein* poset obtained from Q ′ by applying the following unzipping. (U1) unzip (τ 1 , ρ) α 13 times; (U2) unzip (τ 4 , ρ) (α 1 − α 13 ) times; (U3) unzip (π, σ 1 ); (U4) unzip (π, σ 2 ) (α 3 − 1) times. By Lemma 2.7, α 1 (R ′ ) = α 13 + (α 1 − α 13 ) = α 1 , α 2 (R ′ ) = 2 and α 3 (R ′ ) = 1 + (α 3 − 1) = α 3 . We claim α 13 (R ′ ) = α 13 . Let B 1 be the set of rank 2 elements of R ′ consisting of τ 1 and elements which are added by unzipping (U1), and let B 4 be that consisting of τ 4 and elements added by (U2). Similarly, let C 1 be the set of rank 3 elements of R ′ consisting of σ 1 and the element added by (U3), and let C 2 be that consisting of τ 2 and elements added by (U4). Finally, let B 2 = {τ 2 }, B 3 = {τ 3 }, C 3 = {σ 3 } and C 4 = {σ 4 }.
Then B 1 ∪ · · · ∪ B 4 and C 1 ∪ · · · ∪ C 4 are partitions of the sets of elements of R ′ of ranks 2 and 3 respectively. Also, elements in C i exactly cover elements in B i and B i+1 , where we consider B 5 = B 1 . This implies
Hence α 13 (R) = α 13 by (1). Finally, consider the Gorenstein* poset P obtained from R ′ by unzipping (σ 1 , τ 1 ) (α 2 − 2) times. Then Lemma 2.7 show that P has the desired cd-index
Case 3. Suppose α 1 > 0 and α 13 > α 1 . Recall α 13 ≤ α 1 α 3 . Let β ≤ α 3 be the integer satisfying α 1 (β − 1) < α 13 ≤ α 1 β and let p = α 1 β − α 13 . Note that β ≥ 2 and 0 ≤ p < α 1 . Let R ′ be the Gorenstein* poset obtained from Q ′ by applying the following unzipping. (U1) unzip (τ 1 , ρ) (α 1 − p) times and unzip (τ 2 , ρ) p times; (U2) unzip (π, σ 1 ) (β − 1) times, unzip (π, σ 3 ) (α 3 − β) times, and unzip (π, σ 4 ). Then, Lemma 2.7 shows α 1 (R ′ ) = α 1 , α 2 (R ′ ) = 2 and α 3 (R ′ ) = α 3 . Also, a computation similar to Case 2 shows
Since α 13 = βα 1 − p, the above equation and (1) show α 13 (R ′ ) = α 13 . Then the Gorenstein* poset P obtained from R ′ by unzipping (σ 1 , τ 1 ) (α 2 − 2) times has the desired cd-index.
d-vectors of Gorenstein* posets of rank 5 and 6
In this section, we study d-vectors of Gorenstein* posets of rank 5 and 6. We often use the following obvious fact. or there are non-negative integers a and b such that x = a + b and y = ab.
Proof. (Necessity). Let P be a Gorenstein* poset and d(P ) = (1, x, y) .
. We show that there are non-negative integers a and b such that x = a+ b and y = ab.
Observe that x = α 1 (P ) + α 2 (P ) + α 3 (P ) and y = α 13 (P ). Then
This says that α 1 (P ) + α 3 (P ) = x and therefore α 2 (P ) = 0. Then Theorem 1.1(i) shows y = α 1 (P )α 3 (P ). . What we must prove is that there is a Gorenstein* poset of rank 5 such that d(P ) = (1, x, y).
Since y ≤
, there are non-negative integers a and b such that y ≤ ab and a + b ≤ x − 1. We may choose these integers so that a(b − 1) < y ≤ ab. Let α 1 = a, α 2 = x − a − b, α 3 = b and α 13 = y. It is enough to show that there is a Gorenstein* poset of rank 5 whose cd-index is c Proof. (Necessity). Let P be a Gorenstein* poset of rank 6 and d(P ) = (1, x, y). We write the cd-index of P in the form
It was proved in [4, Proposition 4.4 ] that α 13 ≤ α 1 α 3 , α 14 ≤ α 1 α 4 and α 24 ≤ α 2 α 4 . Then, since x = α 1 + α 2 + α 3 + α 4 and y = α 13 + α 14 + α 24 , we have . We show that there is a Gorenstein* poset of rank 6 whose d-vector is (1, x, y). Since d(P ) = d(P * B 2 ) for any Gorenstein* poset P of rank 5, by Theorem 4.2, we may assume Let Q = C a−r+2 * B 2 * C b+1 . By Lemma 3.1, d(Q) = (1, a−r +b−1, (a−r)(b−1)). Let ρ be a rank 2 element of P , π a rank 4 element of P , and let σ, τ be the rank 3 elements of P . Note that [0, ρ] = [π,1] =B 2 , [0, τ ] = C a−r+2 and [σ,1] = C b+1 . Let P be the Gorenstein* poset obtained from Q by unzipping (σ, ρ) r times and by unzipping (π, τ ). Then, by Lemma 2.7, we have
as desired.
for any flag homology 4-sphere ∆ (see Section 5 for details). This result and the relation between d-vectors and γ-vectors give an alternative proof of the necessity of Theorem 4.3. Indeed, it is not hard to see that P is obtained from the joinB 2 * B 2 * · · · * B 2 of Boolean algebras of rank 2 by applying unzipping repeatedly. The order complex of the join of Boolean algebras of rank 2 is the boundary of a cross polytope. As edge subdivisions preserve polytopality (just place the new vertex beyond the edge, cf. [10, p. 78]), by Proposition 2.5(3) we conclude that O(P ) is polytopal.
Questions
Let ∆ be an (n − 1)-dimensional simplicial complex. Recall that the f -vector f (∆) = (1, f 0 , f 1 , . . . , f n−1 ) of ∆ is defined by f i = |{F ∈ ∆ : |F | = i + 1}|, and the h-vector h(∆) = (h 0 , h 1 , . . . , h n ) of ∆ is defined by the relation
If ∆ is Gorenstein* then h i = h n−i for all i by the Dehn-Sommerville equations, and in this case the γ-vector γ(∆) = (γ 0 , γ 1 , . . . , γ ⌊ n 2 ⌋ ) of ∆ is defined by the relation
Thus, if ∆ is the order complex O(P ) of a Gorenstein* poset P , γ(∆) and d(P ) = (1, δ 1 , . . . , δ ⌊ or (x, y) = (a+b, ab) for some a, b ∈ Z ≥0 }. We sketch the proof since it is similar to that of Theorem 4.3. Let (1, x, y) ∈ Z 3 ≥0 with y ≤ . As taking suspension does not change the γ-vector, we may assume ; in particular x ≥ 2 and y ≥ 1. Then there are a, b, r ∈ Z ≥0 with a, b ≥ 1 and r < a such that a+b = x and ab−r = y. Consider the simplicial complex K =C a−r+4 * B 2 * C b+3 , whereC k is the cycle (1-dimensional simplicial sphere) of length k and whereB 2 is the 0-sphere with vertices {x, y}. then ∆ is the join of two cycles.
Note that Lemma 3.3 and the proof of Theorem 4.2 show that the above conjecture is true for order complexes. If the above conjecture is true then the inclusion in Theorem 5.1(i) becomes an equality. These facts and Theorem 1.2 suggest the following question. Note that equality in Question 5.3 would imply Gal's conjecture on the nonnegativity of the γ-vector of flag spheres, by Karu's result on the non-negativity of the cd-index of Gorenstein* posets [3] .
